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A mathematical model of mass transport through dispersed-phase networks to be
used for the sustained release of drugs or other solutes at steady rates is presented. The
drug is assumed to be encapsulated within the dispersed microdomains and transported
to the bulk by diffusion across the interface. A drug is released to the surroundings by
diffusion through the bulk. The results show that the desired steady flux of a drug io the
surroundings may be obtained given appropriate values of structural properties of the
network. These properties may be manipulated easily in the fabrication of dispersed-

phase networks reported previously.

Introduction

Zero-order release, or the release of a solute or drug from
a substrate to the surroundings at a steady rate over long
periods, is a much sought after property for controlled-re-
lease devices and certain types of chemical reactors. Clearly,
simple diffusion from a monolithic device will yield a concen-
tration-dependent release profile. This problem can be over-
come by coupling two or more rate processes in a single de-
vice. Many workers in recent years have conceived a host of
devices based on this strategy, including reservoir devices such
as the commercial skin patches, hydrogels with sweiling fronts,
multilayered tablets, and others (for example, Baker, 1987).
All of these devices have inherent disadvantages, however,
and research in this field continues apace.

One approach to obtaining zero-order release is through a
dispersed-phase network in which the dispersed phase, or mi-
crodomains, can serve as reservoirs for solutes or drugs per-
meating the network. The bulk phase serves as a diffusion
pathway from the microdomains to the surroundings. The
drug enters the bulk phase from the reservoirs by diffusion
across the interface, and is released to the surroundings by
diffusion through the bulk to the surface of the device. While
both of these fluxes are time-dependent, if they can be made
to match initially then for some finite period at least the con-
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centration of drug in the bulk phase will exhibit a pseudo-
steady state and zero-order release to the surroundings can
be achieved.

Our group has fabricated dispersed-phase hydrogels char-
acterized by hydrophobic microdomains in a water-swollen
polymer network. We have learned to manipulate their struc-

Figure 1. Cylindrical, dispersed-phase, controlled-re-

lease device.
It shows microdomains and bulk phase both saturated with
drug.
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ture (Dualeh and Steiner, 1991, 1992; Varelas and Steiner,
1992; Wu et al., 1995) and have also obtained some prelimi-
nary results demonstrating that a constant release rate of
model drugs can be sustained for prolonged periods from
these gels (Varelas et al.,, 1995). In this article we present a
mathematical model of mass transfer through dispersed-phase
materials with drug encapsulated in the microdomains. The
model was developed to allow us to predict the optimum
structure for a hydrogel to be used for the sustained release
of a drug of known chemical structure and diffusivity through
water. The predictions of the model may be used as the de-
sign basis for hydrogels tailored for the release of particular
drugs.

Model Formulation

The purpose of this model is to analyze the release profile
of solutes exiting a dispersed-phase network in which the dis-
persed phase acts as a reservoir. Our goal is to optimize the
structure of the network such that a constant rate of release
may be achieved for a particular drug over long periods. Thus
the model should enable us to correlate the duration and
rate of zero-order release with structural properties of the
network and drug.

The device operates as follows (Figure 1). Initially, the ma-
terial is impregnated with a drug or another solute such that
the drug partitions preferentiaily into the dispersed phase, or
microdomains. On exposure of the gel to drug-free surround-
ings, the drug exits the gel from the bulk phase in accordance
with Fick’s law. The drug is simultaneously restored to the
bulk phase from the microdomains. The gel properties that
influence the mass-transfer rates are the total interfacial area
of the microdomains, A4;, and the mass-transfer resistance of
the microdomain/bulk interface, h,. The important solute
properties are the partition coefficient, a, of the solute be-
tween the two phases of the gel (which also depends on the
gel structure) and the diffusion coefficient of the solute in
the bulk phase, D,. In addition, the total drug loading in the
device will depend on «a and the volume fraction of mi-
crodomains, ¢.

The continuity equation for this system is given by

oc
== D V¢ e8]
where
t=(1— P, + dc,, 2
and
Dy =(1+3¢)D,. (3)

Equation 3 comes from the Maxwell relation regarding mass
transfer through a dispersion in which diffusion through the
dispersed particles is extremely rapid (Cussler, 1984). This

Equation 4 describes the unsteady-state flux of drug in the
bulk phase, with Fick’s law governing diffusion out of the bulk
and a source term giving the rate of input of drug to the bulk
from the microdomains. The form of the source tcrm will
depend on the mechanism for interfacial mass transfer. We
assume that the microdomains behave as well-stirred reser-
voirs containing drug that crosses the interface according to
first-order kinetics, as follows:

hA

dc i
F R 7 {ac,, ~¢;,). (5)

m

The boundary and initial conditions for this system are given
by

c,(rit=0)=c*

c(r=R.=0

acy,
—(r=0,0)=0
ar
C*
e rt=0)=—. (6)
«

The device is assumed to be a section of an infinitely long
cylinder immersed in a drug-free solution that is rapidly and
continuously flowing past the surface of the device. The par-
tition coefficient, «, gives a measure of the maximum driving
force for interfacial mass transfer, and the ratio of h to D, is
a measure of the relative rates of mass transfer to and through
the bulk phase.

The parameter h represents the overall mass-transfer re-
sistance at the interface, including contributions from the mi-
crodomain/bulk interface itself (/) and any stagnant bound-
ary layer of solute that forms around the microdomains (%,,).
Thus h can be evaluated by adding the reciprocals of the
resistances h; and h,, with £, (coming from the Sherwood
number analysis for spherical particles in the absence of flow)
given by h,= D,/r,, where r,, is the radius of the mi-
crodomains. This gives

1 r

=t 7
T, - (7)

1
h
which approaches 1/h; as r,,— 0. This expression demon-
strates the dependence of & on D,. Note that by expressing
the interfacial mass-transfer resistance in terms of the com-
posite parameter i we have generalized the equations to any
microdomain geometry.
Nondimensionalizing the model equations allows us to ana-
lyze the important design parameters. We introduce the fol-
lowing dimensionless variables and paramcters:

assumption also allows us to neglect the concentration gradi- . _ % . ac,, . T _ Dyt
ent inside the microdomains, so Eq. 1 becomes €6~ oF Cm = T "R T g
2
acy, dc &2 292 hA'R a(]_—(b)
—d) ——(1— V20 — H— Ve=R"V D — = (8
=)y == @)DuVie, =57 (@ —owp, "~ 4
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Then Eqs. 4 and 5 become

T g2 _ L%

T “ K 071 ©)
9¢,, L
== kME,, —¢,) (10)

E(Fr=0)=1
C(F=1,7)=0
¢
7;1(7 0,7)=0
& (Fr=0)=1. (1)

The parameter « is a distribution coefficient, defined such
that a low « corresponds to a high proportion of drug in the
microdomains at time zero. Thus for constant 4 and D, the
lower the value of « the longer the period during which a
finite flux is observed at the surface of the device. The pa-
rameter A is the Damkohler number (Rosner, 1986), giving
the ratio of the characteristic times for diffusion through the
bulk and introduction of solute into the bulk from the dis-
persed phase. A zero A is the case with no active micro-
domains; A very high would result in rapid depletion of the
microdomains, giving a vanishingly short time for zero-order
release. An intermediate value of A coupled with a low value
of k will produce sustained release of the drug at a rate that
decays very slowly over time—in effect, a zero-order release
plateau. Note that for the case of spherical microdomains
surrounded by a boundary layer A becomes A= h,4,R*/[(1 -
W (D +(1+30)h,1,)]

Solution of the Model

Equations 9 and 10 are solved simultaneously by means of
Laplace transforms (Churchill, 1958) that take the form

. 1
58, —1=V%, ——(s¢,,— 1) (12)
K

s¢, —1=—«kA(Z,, —C,) (13)

where s is the Laplace domain variable, and the overbar de-
notes transformed variables (that is, functions of s). Solving
Eq. 13 for ¢,, and substituting into Eq. 12 gives

. M(s)
V2, — M*(s)c, =~ a4
where M(s) is defined
SA 2
M(s)=|s+ . (15)
s+ KA
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Equation 14 has the boundary conditions

C(F=1,5)=0
ac,
—(F=0,5)=0. (16)
or

The homogeneous part of Eq. 14 is the modified zero-order
Bessel function. The solution to Egs. 14 through 16 in the
Laplace domain is

17
s
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Upon inversion from the Laplace domain one obtains the
real-time solution for bulk solute concentration

T 28, J,(& PettT
C(Fr)=— —_— 18)
R R A AT AT e B
where N(s) is defined
KA?
NG =1+ ———s (19)
(s7 + xA)

and &, = zeros of the zero-order Bessel function of the first
kind, J,. Furthermore, the quadratic roots s{ are defined

—(E2+a+ K/\)i\/(§f+ A+ K/\)2—4K)\§n2
5 )

no__ n —_
Sk =512

(20)

A detailed description of the inversion procedure and the
meanings of terms in Eq. 18 are given in the Appendix.

By application of Duhamel’s theorem (Churchill, 1958), we
obtain an expression for the solute concentration in the mi-
crodomains

T ’
E(For)=e "M+ K)tf é(F,)e M= (21)
0

Substitution of Eq. 18 into Duhamel’s integral and subse-
quent evaluation give

26,05(&P) (et — e )
1 S;’(S,’:‘i‘ K/\)‘,l(fn)N(sl?) ’
(22)

2
E(Fr)=e M — kA Y
k=1

>

n

Equation 18 and 22 can be solved to give the concentration
profiles in the bulk and the microdomains as a function of
radial position within the device. In addition, we can solve
for the flux of solute from the surface of the device

Toa _ aéb _ 2
]"(“1’7)_{7],-:1__ g (23)
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where

= .}bR
Jb D

€

4)

™

From this, the mass of solute released from the device as of
time, M, is given by

1\/[7 2K To
T K+1];)]b(r=1,1')d7
2k 2, Z 282(1—e%T)
= LY —5—— (25)
«+1, 7002 () N(sP)

expressed here as a fraction of M, the mass of solute avail-
able for eventual release from the device. Equations 23 and
25 thus give the release profiles of the drug into the sur-
roundings as a function of time. Their analysis will provide
insight into the effects of the parameters « and A on the
efficacy of a dispersed-phase hydrogel in servicc as a con-
trolled-release device.

Results

Typical concentration profiles ¢,(F) and ¢,(7) obtained by
solving Eqs. 18 and 22, respectively, arc shown in Figures
2a—c for k = 0.1 and A=0.01, 0.1, and 1.0. The time intervals
O are the same for the same diffusing specics and mi-
crodomain content regardiess of «. Note the different verti-
cal scales on each plot. These figures illustrate several impor-
tant effects. First, the magnitude of the flux of the drug to
the surroundings is given by the slope of the lower curve ¢,
vs. 7 at 7 = 1. Clearly, when A =1 (Figure 2c), the flux changes
significantly with time. When A= 0.1 and 0.01, there is an
initial high transient flux, after which the ¢, vs. 7 curves su-
perimpose for at least four time intervals, giving a constant
refease rate. However, the magnitude of the flux during the
constant release plateau is a strong function of A, as ex-
pected. Where A is very low (Figure 2a), slow rclease from
the microdomains limits the bulk concentration of solute;
consequently, the net flux to the surroundings is low. A morc
permeable interface (and hence a higher A) relcases the drug
to the bulk more rapidly. This effect is illustrated by the up-
per row of profiles, ¢, vs. 7, in Figures 2a—c. For A very high
(Figure 2c¢), the microdomains become depleted rapidly, re-
sulting in a rapidly decreasing driving force for interphase
mass transfer. Thus a stcady-state plateau never develops. Of
the values shown here, clearly A= 0.1 (Figurc 2b) is optimal
in that it provides a steady-state release platcau with a rela-
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Figure 2. Radial concentration profiles in both phases of the device for x =0.1.

(@) A=00L®) A=01;() A=10. Ar=1and 0 < 7 <5 for all plots.
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Figure 3. Dimensionless drug flux to the surroundings,
k=0.1.

tively high flux to the surroundings. Note that in the case
where the second boundary condition is not satisfied, and the
surface of the device is not perfectly washed of the drug at all
times, there will be additional holdup in the bulk phase and
the relcase will be attenuated further.

The effect of « on the release profiles mirrors that of A, as
expected. Zero-order release can be sustained for longer pe-
riods as the volume fraction of microdomains, and hence the
total drug loading in the domains, increases. When « is high,
we observe behavior approaching Fick’s law diffusion right
from the beginning of operation due to early depletion of the
microdomains. On the other hand, as « approaches zero the
network structure approaches a single phase.

The dimensionless flux of drug to the surroundings is shown
in Figure 3 for « = 0.1 with varying A. The flux is character-
ized by a brief initial steep drop followed by a plateau or
near-plateau for low values of A, or simply a more gradual
decrease with no platean for A> 0.4. The magnitude of the
stcady-state flux for a given « depends on A. Figure 4 is a
cross-plot showing the effect of « on the flux at constant A.

Figures 5 and 6 show the cumulative drug released from
the device over time for constant « with varying A and for
constant A with varying «, respectively. There is an initial
high efflux of drug followed by a slower and in some cases
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Figure 4. Dimensionless drug flux to the surroundings,
A=0.2.
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Figure 5. Cumulative solute released as a function of
time, x=0.1.

steady release to the surroundings. In general the profiles
deviate from linearity when more than ~ 50-60% of the drug
has exited the device. As the microdomains become depleted
of drug, the driving force for interphase mass transfer de-
creases. The bulk phase concentration begins to drop rapidly
and a time-dependent release rate results.

Discussion

The effect of dispersed reservoirs on the release of drugs
or other solutes from a network is to attenuate the depletion
of the bulk phase during operation. With an appropriate
pairing of solute and network properties, this can result in a
near constant flux to the surroundings for a finite period,
that is, zero-order release.

The dispersed-phase hydrogels that we have developed are
an example of a system that can be described by this model.
These gels form spontaneously in aqueous solutions contain-
ing hydrophobically modified water-soluble polymers. The
hydrophobic side chains on the polymer self-assemble into
micelle-like aggregates so as to minimize unfavorable interac-
tions of the side chains with water. This has the effect of
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Figure 6. Cumulative solute released as a function of
time, A=0.2.
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bridging multiple polymer molecules, forming a viscoelastic
water-swollen hydroge! with a hydrophobic dispersed phase.
We can manipulate the aggregation number and composition
of the microdomains by adjusting the composition of the sol-
vent (Dualeh and Steiner, 1991). This permits control over
both the relative solubility of the solute in the domains, «,
and their geometry (hence #,) and interfacial area, A;. The
total concentration of polymer in the gel governs the volume
fraction of microdomains, ¢ (Varelas and Steiner, 1991). We
have also learned (Wu et al, 1995) that the porosity of the
interface, and hence h;, is a function of the processing tem-
perature of the gel. The bulk phase solubility, ¢*, and diffu-
sivity, D,, of the drug can be assumed to be the same as in
water (Haggerty et al, 1988). Finally, the microdomain ra-
dius, r,,, as well as h; and «, will all depend on the chemical
structure of the side chains on the polymer. Thus we can ma-
nipulate all of the important structural parameters of our gels
independently, by varying either specific processing conditions
ar the structure of the starting polymer, to optimize the re-
lease characteristics for a particular drug.

The release profiles in Figure 4 can be used as design curves
for controlled release devices made from dispersed-phase
polymer gels. We start by specifying a drug compound, which
constrains only D,. We then specify the desired average re-
lease rate, an acceptable minimum release rate during opera-
tion (such as <90 percent of the average flux in the
“platean”), and a desired duration of sustained release. This
determines the operating values for k and A. Then we select
a polymer and identify processing conditions that will give
the appropriate combination of a, 4;, &, and ¢ for that drug.
If the appropriate combination cannot be obtained, a new
polymer must be selected.

The results in Figure 3 demonstrate the importance of the
interfacial mass-transfer resistance, h. It is possible that as
the microdomains become depleted of drug the structure of
the interface may change. Whether or not this occurs will
depend on where in the microdomain the drug is solubilized
and on the steric and electrostatic constraints the drug brings
to bear on the other components of the domain. However, it
is of course in our interest to maintain a constant interfacial
resistance if we are to control the release rate from the de-
vice. One way to ensure this would be to swell the mi-
crodomains by incorporating a water-insoluble oil, thereby
leaving the interface relatively unaffected as drug is depleted.
Note that this model also applies to a dispersion of solute-
loaded capsules whose structure would not be affected by de-
pletion of the solute.

The resuits of this model may be applied to other systems
characterized by a first-order release process occurring in
tandem with bulk diffusion.
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Notation

A; =total bulk/microdomain interfacial area, m?
¢ =total solute concentration in the gel, kg-m~> gel
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¢* =solute saturation concentration in bulk phase, kg-m™>
bulk

¢, =solute concentration in the bulk phase, kg-m™* bulk

¢, = dimensionless solute concentration in the bulk phase

¢,, =solute concentration in the microdomains, kg- m~?
microdomains

¢,, =dimensionless solute concentration in the microdomains

D, =solute diffusivity within the bulk phase, m?-s™!

D,y =effective diffusivity in the gel, m?+s™'
h =overall mass-transfer coefficient at bulk/microdomain

interface, m+s~!

h, =mass-transfer coefficient of the stagnant boundary layer
in the bulk phase, m+s™'

h,-=mass-t1ransfer coefficient of the microdomain interface,
m-s

jp =solute flux, kg-m ™2

!

J, = dimensionless solute flux
M(s)=Laplace domain eigenvalue defined in Egs. 14 and 15
M, = mass of solute released at time 7, kg
M, =total mass of solute available for release, kg
N(s})=function of nth quadratic roots defined in Eq. 18
r =radial position within delivery device, m
r,, = microdomain radius, m
7 =dimensionless radius of delivery device
R =external radius of delivery device, m
s = Laplace domain variable
57 =nth quadratic roots (poles) defined in Eq. 18
t =time, s
V =total gel volume, m*

Greek letters

a =solute partition coefficient, m* domain/m? bulk

k =solute distribution coefficient, dimensionless

A =Damkodhler number, dimensionless

£, =nth zero of the zero-order Bessel function of the first kind
T =diffusion time, dimensionless

¢ =volume fraction of microdomains, m> domain/m? total
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Appendix: Inversion from the Laplace to the Time
Domain

In order to obtain Eq. 18 from Eq. 17, we must perform
inverse Laplace transformation, hence

1 LI M(s)F]
s e lzv -1}l _ -1} 0
éo=£7He = £ {s } £ { M (] } (AD)

Inverse transformation of the first term is straightforward:

1
£-'{—>=1. (A2)
s
For the second term we employ the theory of residues:
LI M(s)7] i Il M(s)Fle™
e 1= ¥ Res| ——-—
S]()[M(S)] ne=1 Sn SIU[M(S)]
o (s=s ) [ M(s)Fle””
= i 3
im0l (A3)

where s, are the poles of the function in parentheses. By
inspection, we sec that the function has poles at s =0 and at
IMM()}=0, or M(s)=i¢,, where &, &,, ... are the posi-
tive zeros of [,. To find the nonzero (simple) poles, we sim-
ply solve the following quadratic equation

12
] =i&,

which gives two roots corresponding to every positive zero &,

sA

4
s+ KA (A4)

M(s)= {s+

(& + A+ k)% \/(g,f + A+ k) —4rAE?
ST2= 5 . (A5)

Hence, residues must be evaluated for each of the three poles:

o1 1()[M(S);]
Slo[M(s)]

=(R$s+ Y
(

n=1

Res + Y. Res
1 5

s§

) ( IIM(s)Fle’

sl M ()] ) - (A9)

7
— 3
n= 2

Determination of the residue at s =0 by Eq. A3 is straight-
forward, and is simply equal to one. For the simple poles, we

employ the following formula:

pls) pls,)es”
R -
sfs( ) ) 760 (A7)

where p(s)= I M(s)rc], and q(s)= sl [ M(s)]. Hence, we
obtain

LIMG)Fle™\  LIM(s7)Flet (AB)
o\ SIIM(T | T s MGDIM (57
Io[M(s)Fle’m If,[M(sg)f]es?T (49)
53 sly[M(s)] SEIIM(s5)IM' (55
Recognizing the Bessel function identities
1(i€,) = Jo(&,) (A10)
1p(ig,) = 1,(i§,) = I, (£,), (A11)
and evaluating the derivative of M(s)
M) 1 . kA2
(s)= +
’ 2M(s) (s+ kA
o P (A12)
= +—,
2i¢g, (s+ kA

we combine Eqgs. Al, A2, A6, and A8 through A12 to obtain
the solution

= 2¢ T, (£ 7)€l = 28 T,(&F)estT

G0 == L STEINGD A6 NGD)
(A13)
20528, 00(§,P)ed
= - 18
kgl ngl Sl’:J](gn)N(sI?) ( )
where N(s}) is defined
KA®
NG =14 ——— (19)
(sp + kM)
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